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Abstract

Considering the effects of both the different material properties of composite layers and the poling directions of pie-
zoelectric layers, we utilized the assumption of the simple-higher-order shear deformation theory to model and analyze
the laminated composite plate integrated with the random poled piezoelectric layers. Further, the generalized Hamil-
ton’s variation principle for electro-elasticity was employed to deduce the fundamental equations of piezoelectric/com-
posite anisotropic laminate, i.e. the governing equations and boundary conditions. For the special requirement of the
larger-amplitude deflection of smart structures, the Von Karman strains were used to account for the geometric non-
linear effect of the practical larger-amplitude deflection on the electro-elastic behavior of smart composite structures.
Moreover, the sensor equations were also carried out with considering the large-amplitude deflection effect of smart
composite structures.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent decades, the piezoelectric ceramics with a distributed poling direction have been extensively
designed as actuators/sensors to apply in the adaptive structures and systems for controlling or
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monitoring the shape deformation of engineering structures due to their excellent piezoelectricity and
pyroelectricity after a controllable poling process (Kenji, 1998). However, the early commercial piezo-
electric materials were too brittle to evoke their much wider application in some special smart structures
require very larger displacement (>1000 um), such as linear motors, cavity pumps, switches and loud
speakers, etc. As the new piezoelectric polymer, including PVDF, PVF,, etc., with good properties
of flexibility, ruggedness, softness and light weight was discovered by Kawai (1969), the disadvantage
of the brittle piezoelectric materials in the special requirement smart structures was successfully over-
come. Furthermore, the advance of processing technology of thin film and composite in piezoelectric
materials also promotes their successful applications in the special requirement structures. Therefore,
more and more novel smart structures integrated with the piezoelectric materials have been achieved
for the particular demand. For example, Haertling (1994) developed a new-method for producing
ultra-high-displacement actuator that can exceed 300% by combining the piezoelectric layer and reduced
layer; Lee and Li (1998) established a motor by the new mechanism that was using the extension-twist-
ing coupling of anti-symmetric fiber-reinforced composite laminate induced by the integrated actuator-
piezoelectric plate subjected to the external electric field, which bending behavior was further experi-
mentally studied and revealed the large-deflection results by Cheng et al. (2000). Thus, increasing uses
of piezoelectric materials in the smart structures and systems call for better understand and accurate
analysis of their electrical and mechanical behaviors for the future better design. As is well known,
from the viewpoint of piezoelectric work mechanism, it is definitely summarized that all of the piezo-
electric actuators and sensors either surface bonded or embedded in the host structures for the adaptive
structure system are based on either its extension or shear mechanism. In order to have a good theo-
retical guide to design the smart structures and systems, many analytical linear models with the classical
or first-order shear theory had been developed to describe and predict the electro-mechanical behavior
of the different smart structures, involving the one-dimensional, two-dimensional and three-dimensional
models. For instance, Crawley and Anderson (1989) and Crawley and de Luis (1987) studied the elec-
troelastical properties of a piezoelectric/elastic laminated beam with its extension mechanism; Lee (1990)
incorporated the piezoelectric effect into the classical laminate plate theory to analyze the piezoelectric
laminate plate with the extension action of partial electrode covered piezoelectric layer; Zhang and Sun
(1996, 1999) utilized the variation principle to derive the governing equations for the adaptive piezoelec-
tric structure using the shear mode of piezoelectric materials and then carried out an approximate solu-
tion. Later, other researchers did some similar works on the laminated piezoelectric composite to
further explain the linear electro-elastic coupling behavior (Liu et al., 1999; Reddy, 1999; Reddy and
Cheng, 2001). However, due to the great difference from the material constants and action between
the piezoelectric layers and composite layers in smart structure, it is necessary and important to account
for the transverse shear strain of anisotropic piezoelectric/composite laminate. For this case, incorporat-
ing the effect of large deflection and in-plane loads caused by piezoelectric layer, Pai et al. (1993) ever
only deduced a fully and complicated nonlinear theoretical model for the dynamics and active control
of elastic/piezoelectric laminated plate with piezoelectric extension mechanism but not carry out the
final numerical results. Thus, establishing a simple 2-D or 3-D theory of piezoelectric/composite plates
with piezoelectric extension or shear mechanism to accurately describe the global behavior of smart
laminate plate seems to be a compromise between accuracy and ease of analysis. Up to date, few
literatures from this view were reported for the smart composite laminated plate with piezoelectric
extension or shear mechanism. Therefore, in this paper, we proposed to carry out a set of generalized
simple fundamental equations for piezoelectric/composite anisotropic laminated plate with either
piezoelectric extension or shear mechanism in the light of Hamilton’s variation principle and assump-
tion of Reddy’s (1984) simple-high-order theory. This developed analytical model also took the effect
of structural larger-deflection and distributed poling direction of the piezoelectric layers into
consideration.
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2. Theoretical analysis
2.1. Basis assumption and relationship

As shown in Fig. 1, a practical smart structure of piezoelectric/composite laminated plate is generally
composed of a number of piezoelectric layers with the spatial poling directions and fiber-reinforced com-
posite laminas with the arbitrary in-plane fiber orientations. In general, the main axial direction of a com-
posite lamina is along the reinforced fiber direction in the x—y plane (. = 90°) with an orientation angle o,
as shown in Fig. 2(a). Similarly, the main axis (poling direction) of a common piezoelectric layer orients
spatially with the distribution angles «, and f8, from the local coordination system to the global coordina-
tion system as shown in Fig. 2(b). Generally, the external electric field is applied to the surface electrode of
piezoelectric layer in the z-direction across the thickness. The electro-elastic constitutive relationship of the
piezoelectric/composite lamina in the local coordination system can be presented by the stresses ij, the
strains &, the electric displacements D! and the electric fields E! in the following formation:

O'fj = Cifm'lgfnn - eZijEilc

! ! !
Di = eimn‘gmn + kijEj

(1a)

where the superscript ‘7 denotes those variables in the local coordination system. Cj;, e; and k;; are the stiff-
ness matrix, piezoelectric constant matrix and dielectric constant matrix of the lamina in the local coordi-
nation system respectively. It is noted that the piezoelectric constants e; and dielectric constants k; are
equal to zero inside the composite lamina. After applying the coordination transformed matrices 7, and
T,, as shown in Appendix A, to the above equations for the kth lamina, the lamina constitutive relationship
in the global coordination system can be obtained by

[0, ] [Cii Cin Ciz 0 0 Ci] e [0 0 ey
gy C1 2 sz C23 0 0 C26 &y 0 0 €3] E
1
0, 1| Ciz Coz Cyz 0 0 Cs &2 _ 0 0 e
= [TC]k : 0 0 0 [Tc]k - [TC]kl [Te]k E,
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Fig. 1. An illustration diagram for the general piezoelectric/composite laminated plate.
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Fig. 2. The schematic show for the main axial distribution of the lamina: (a) composite layer; (b) piezoelectric layer.
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where the subscript “k” denotes the kth layer and the superscript “—1°° means the inverse of the matrix
respectively.

In order to consider the effect of larger-amplitude deflection, the Von Karman strains are used to ac-
count for the geometric nonlinearities. Then, the relationships between the strains and displacements can
be presented by

"2z 0y ox Oy x 0y o ox oz
(2a)

ou 1/ owe\>du 1 [dwo\> Owy Qu v OwpOw Owy v Owy u
[SX & & & &z &y ]: —+ = = —+ = —
v e i e 2o ) oy T2\ oy

and the electric fields can be induced from the external applied electric potential

1 [9p dp d9]"
£ BT = [ 5. (2b)
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In terms of Reddy’s simple higher-order theory for the elastic laminated plate, the assumptions of the
local elastic displacement field for piezoelectric/composite laminated plate can be also made as

u= u0+2[¢x_§(%)2(¢x+%>:l

uvo+z[¢},j(2)z(¢y+aav;°>} (3a)

w = Wy

where uy, vp and wy denote the displacements of a point (x, y) in the mid-plane. ¢, and ¢, are the rotations
normal to mid-plane about the y and x axes respectively.

In fact, the electric field is always applied along the z-direction across the thickness. Then, due to the
existence of piezoelectric layer in smart structure, the electric potential can be taken into consideration
and generally assumed as

¢® =@+ 2z, (3b)

where ¢ is the electric potential in mid-plane of the piezoelectric lamina.
Since the piezoelectric lamina can be treated as a thin dielectric plate, it is reasonable to regard ¢q and ¢,
as constants for the dielectric materials. Then the electric field can be given by

(B, By, BT = —[0,0, ] (3¢)
The relationship between the applied voltage V5 and the electric potential gpon the electrode is defined as
Vi=¢ (3d)
Substitution of Eq. (3a) into Eq. (2a) can yield the strain—displacement relationship
6u0 4 sz\2 62W0 1 6w0 2
e = —— —= (= — = 4
T +Z{¢x’x 3 (h) <¢x’x * ox2 i 2\ ox (4a)
dvy 4 1z\2 0*wy 1 (owg)’
== —= (= — = 4
& Jy +z {(by’y 3 (h) <¢y’y + 0y? + 2\ oy (4b)
aW()
e, = —— 4
& Oz (4c)
duy  Qug . dwy Owy 4 22 *wo
= — _— _ — = | = _— 4
= m Ty T o “{‘/)xw 3 () (‘pw + axoy (4d)
aWO 422 aW()
Ty O T 2 4
8}7 ay + (Z)y h2 (d)y + ay ( e)
_ 0w 27\ 2 owy
Ex = E + ¢x - (7) <¢x + E (4f)

On the assumption of the strain ¢, =0 in terms of Reddy’s simple-higher-order theory, the strain—
displacement relationships, i.e. Eq. (4), can be rewritten by

(e & & &) ={el} +z{e2} +2{e4} (5a)

and

{?} = {el} +2{e3} (5b)

'ZX
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where the following formulae are used:

dug 1 (owp\’ o,
() .
ovo 1 (dwy 9,
{el} = By + 3 <§) , {e2} = Oy (6a)
0 0
duy | dug  dwy dwg 09, 09,
a x| ox a—y oy  Ox
0o, 0wy
o 2
P 4 | T
{ed) =——5 dy 32 (6b)
0 0
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by o

In order to derive the equations conveniently, the relative stress resultants can be always defined as
follows:

N, N, N. N, U he (1
e e [l e 6w e (7a)
hi—

M, M, M. M, = z
n Iy
(T, T, Tu]= Z/ Plo, o, oy).dz (7b)
k=1 Y h
n hy 1
[Qx Qy} _ / { 2}[% 0,0, dz (7¢)
Sy Sy =1 s LZ
Substituting Egs. (1b) and (6) into Eq. (7) can yield
[Nes Ny, 0, Ny ]" = [Ayle] + [Byjle2 + [F]ed — [N?,N?,0,N? ]
(M, M,,0,M.,]" = [Bjlel + [Dy]e2 + [Hjle4 — [M2,M?,0,M"]"
[T T 0 T } = [ l:,-]el + [H,-j]eZ + [Jij]e4 [Tﬁ:7 T‘;,O, T‘)'c?y] (8)
0.0,]" = [4y)el + [D;]e3 — [0, &)
(S, 8,]" = [Dylel + [H;)e3 — [S7, 87"
where 4;;, By, etc. are the plate stiffness and defined as follows:
I
(A, Bij, Dy, Fij, Hyj, J i) / (1,2,2%,2°,2% 2 )Q dz (i,j=1,2,6)
Iy
hi
[4;,Di;, H ;) / (1,2,290dz (i,j =4,5)
i1
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and N7, N7, etc. denote the stress resultants induced by the coupling electro-elastic behavior of piezoelectric
layers due to the external electric fields,

i
[N, NY, N Z /h (€5, EL, &3, EY, @5 EXldz
k—1

[M?, M?, M, ] /h (5, EX, e EF @k Er]zdz
k—1
LAHEDY A 0 L L B dz
k—1
n h/(

Qp Qp = Z e34 f»égsEk]dZ

k=1 Y i1

n hy
[Sfc’,Sf,] = / [e34Ek é§5Ei‘]22dz

k=1 71

. . . . . . —1 _ ~1
with the lamina stiffness and piezoelectric constants matrices ij = [T, CZ[T o)y and € = [T.], e[T.];.

Here, the electric field applied to the piezoelectric layer with partially covered electrode can be described
by Heaviside step function as

EL = Eo[H (x — xo) — H(x —x1)] x [H(y = y) —H(y = »)]
2.2. The generalized Hamilton variation principle to include electro-elasticity

Under the action of external mechanical and electric field, the simplest form of electric enthalpy which is
a compatible with thermodynamics can be given by

1 1
U=3 / (i — DiEy)dv = 5 / (Cipityjen — 2eie;E; — EjkiE;)dv ®)

Integrating with respect of z-direction for Eq. (9) and using Eqgs. (7) and (8), the electric enthalpy per unit
of piezoelectric/composite laminate can be presented as

1 a by . . ;
-3 /b (WX Ny 0 NylHel}+[Mc My 0 My["{e2}+(Te T, 0 Ty]'{ed)
+[0, O] (e} + (S S,0"{e3}— [N N2 0 NE ) fel) - [M2 MP OO M2)'{e2}

k
T - -
—[romp 0 T ey -0 onenh -1t S - [
=1 Ja
and the kinetic energy is

=[G (8 ()

dup O, vy O, oy, 04, O, 04,
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Zitl

E.k.E. dz) drdy  (10)
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) ¢-" + &

ot ot
@l// 2 al//v 2
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where the rotation inertias are defined by [lo,11,12,15,14,16) = > ;_, hkl 0 (1,z,22,2%,2*,2%dz and
lpx:_%((bx—'_gw())?lpy:_#((by—‘f_%wo)'

auo 6(;') 61)0 a¢
+2h (@t o "o e )t
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Furthermore, the external work done by the applied mechanical load and electrical field is
@2 b T T T
— [ [ (e g allw v owl e ml[en @) L LI 0] )ardy
aj by
by
+ / (quo + nyUO + Mx¢x + Mxy¢y + QxWO + Txlpx + Txyl//y)dy
by

+ / _(nyuo +Nyl]() +Mxy¢x +M,V¢y + QyWO + Txy‘//x + T_wa)dx - / 5@dS (12)
ay s

where ¢ denotes the surface charge of piezoelectric layer. And the new defined stress resultants have the
following forms:

4, = [t=(h/2) = 1:(=1/2)]

4, = [1:(1/2) = 1,:(=h/2)]

q = [0:(h/2) = 0:(—h/2)] (13)
[y, 1] = [1e(h/2) + te(—h/2)][h/2, 1 /8]

[y, 1] = [12(h/2) + 12(=h/2)][)2, 1 /8]

In the isothermal process, the generalized Hamilton principle for piezoelectric/composite laminate can
be used to derive the dynamics equations at any time interval [¢1, £,] as

B/tZ(U—AH—T)dt:O (14)

Finally, substituting Egs. (10)—(12) into Eq. (14) and applying variational principle to the displacement
functions uy, vy, wo, ¢ and ¢, can yield the governing equations:

Sutg :aé\)zcx ag\;ﬂ +q, — Loitg — 11 b, + 221366 g’z—o (15a)
8o :agj—” aai\;v _ 1050_71¢5y+32213 :g;z =0 (15b)
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4 9 (duy Oup 4 _ & (0¢, 09,
SOy (TR B i —0 15
30 36t2<6x * ay) 3 4612<6x T (15¢)

where the new rotation inertias are given by
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and the variation for i, and , are used during the deducing process as follows:
4 0 4 0
Y, =—— (9 —39d S, =——|(0¢p,+=—39
b=y (804 20w ), 80, =~ (86, + 2w )

From the variation principle, it is evident that along anyone boundary edge, the variations as following:

Nl’l or un; NﬂS or uﬂS

Mn or qS”; MVIS or (z)ns (16d)

0
T, or ﬂ; 0, or wy

on
must satisfy the prescribed boundary condition. Here, the following definitions have been used as

Uy = UpNy + UoNy;  Upg = —UgHy, + Vol
N, = Njnf +NL’"§ + 2innxny; N, =N, - Nx)’ix”y —|—ny(zf — nf)
M, = Mxn)zc + Myni +42]\gxynxny; M, = (M, — M )nn, + Mxy(ni — ni)

P = Tns
0, = 0.n, +4Qyny TR ) (16b)
]V[i =M;——T; N,‘ =0, — =5

30 Q=0 30

0 . o o0 _ 0 0
BREFREETE as_""ay " ox
and T,, and T,, are defined in a same manner to N, and N, respectively.
Substitution of Egs. (6) and (8) into Eq. (15) can obtain the governing equations simply presented by the
functions of mid-plane displacements and rotations by
[a] + [b] + [c] + [d] + [e] + [/] =0 (17)

where the matrices [a], [b], [c], [d], [¢] and [f] denote the different parts as following significance respectively.
The term related to the small-deformation is [a],

[a] = [Lyls.cs[uos vos b by ol (18)
where [L;] indicates the linear differential operator matrix and is presented in Appendix B.
The term to the applied mechanical loading is [b],
2 2 1 /om, om\\"
= - - - by - T — 1
8= gy 3mim a5 (o + 32} (19)
The term related to the piezoelectric lamina under the action of electrical field is [c],
Ny | ONG,
ox oy
ON?T,  ONY
Ox oy
oM?  OM7, 4 4 (orr OT%,
. T x Xy _ _ 7Sp o X Xy
[e] =~ ox " oy R T ( ax " o 20)
o, oMy, 4, 4 (T oTy
oy Y 3mY 3P\ ox o Oy
o0 00) 4 (o7 ot BT\ 4 asy | o,
ox  dy 3P\ x2  x0y Oy P\ox Oy
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The term to the finite deformation is [d],

aW()
Ox

ow
—L, 2wy + —Lz Wy

Ox dy

L +
W
1,L1Wo a

Ll 2Wo

ow
d] = o ——Li3wy + ayoLz,3W0 (21)

—L —L
o 1.4Wo + o 2.4W0

Owg
——Liswy +—— 3 Ly swy
Y

Ox

The term to the in-plane mechanics in z-direction is [e],

0 wp oo 0 e o\ "
_ 9 [y I W) 9 o 22
] {o,o,o,o,ax (Nx N, ay) v (NU LN, ay)} (22)

Noted here, when N,, N, and N,, are constants, i.e. N, = N, N, = Ng and N, = N, the fifth element of

the matrix [e] can be re-written as N° "a;ﬁ‘) + 2N2» 2;3 +N (V) aayw‘) Otherwise, the relative stiffness and displace-

ment must be taken place of N,, N, and N, in terms of the constitutive relationship, i.e. Eqs. (6) and (8).
The motion term is [f],

- 4 Dw
Lyitg +11¢x*§13—ax6t2
4, O*wo
1oyg +11¢ 3 6 o
4 6 Wo
iy +12¢ 3 6 ol
[f]=— T+ Toth, 4 *wp (23)

100 2 8 6[2

4 ? 2 awo awo

[ fowo <3h2> 1"’ng< =+

4 9 [(ouy Qv 4 _ 0 (¢, 0o,
‘W’W(aw—z) _Wh@(@x * ay)

From the fundamental equation (17), it is easy to obtain the simple expression for the piezoelectric/com-
posite laminated plate in either static or dynamic case to analyze their static or dynamic characteristics.

2.3. Analysis of the actuating and sensing function for piezoelectric lamina

While the piezoelectric layer is utilized as an actuator in smart structures and systems, it will generate
distributed stress resultants treated as the thermal stress resultants in this paper under the application of
electric field. In order to study the interaction between the applied electric field and piezoelectric laminated
composite plate with distributed covered electrode in piezoelectric layers, the generalized function i.e. Heavi-
side step function H(x) and Dirac delta function d(x) should be used to describe the distributed covered
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electrode of piezoelectric layer. Thus, for conveniently studying the interaction, the applied electric field can
be rewritten by

Ey = —¢(1)F(x,y) (24)

where ¢(¢) represents the time function of the applied electric field. F(x, y) denotes the effective electrode
using the Heaviside function as introduced by Lee (1990)

F(x,9) = [H(x = x0) = H(x = )] X [H =) = H - 3,) @)
Further, the differential of the function F(x, y) can be defined by
WD) _ (30— 1) = ol —2)) x [H(y 1) — Hy — )] (26a)
%;y) = [H(x—x) — Hx —x)] % [5( — 1) = 3y — 1) (26b)
W =[x —x1) = 0'(x — )] X [H(y = 3y) = Hp = )] (26¢)
azg(yxz,y) = [H(x —x1) = H(x —x)] x [0'(y = y1) = ' (v = )] (260)

Now, the effect of a piezoelectric layer as an actuator in the smart structures and systems, i.c. [c], can be
capable of Eq. (20).

On the contrast, the piezoelectric layer can be also as a sensor to sense and monitor the shape deforma-
tion of the smart structures and systems under the action mechanical loading through the closed-circuit out-
put charge signal. Based on the Gauss’s law, the charge ¢(¢) and electric current i(¢) of the piezoelectric
lamina can be simulated by

_ / Dsds (27a)

t (27b)

where S denotes the area of the covered electrode.
Substituting Eqgs. (1¢), (5) and (6) into Eq. (27a) can yield

1
qk(t) = E [/ / (Elglgx + él3(28}’ + é§48xy + é§58z}’ + Egégzx)dxdy
z=z}
[ G b e i
6u0 aW() 2 & al)o 1 aWO 2 61}0 auo 6w0 aWO
//{ S s (@) *aﬁaa
i o\ | 4 o\ |zt zien [ Oby | @¢ (2 9,
+é; <¢x+ ) + &5 <¢y+ ) + > [ G175, + " ox
22 +z ) [ owy % ow
S (e ) ra(e )]

2z +27,) [ (99 62WO — (09, d%wy 0p, 09, *wy
-7 - = 2 dxd
v |9\ T ) el e ) Tl T T Ry Y
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So, the closed circuit sensor equation can be also rewritten as
// 62u0 awo *wy 4 vy Jr% *wo
3] axat Ox Ox ot ‘2 ayat Oy Oyot
o 09,
k X
35( o 6x6t> T 36( o o ayat
stz |y 00 4 O (Ch TEN] 247 )[4 (00 Tw
€31 + e, tey + - 5 @35
2 Ox Ot 0y ot Oyor  OxOt h ot  Oxot
d 2 3 3 2 3 62 3
ot (2 Do\ 2 ) [ (T, D) g (O O
ot  0yor 3h Ox0t  Ox*0t oyor  0y20t

Tp, O, Dwy
e <6y6t tovor  2avyar ) | (Y (29)

Up to now, the complete theoretical analysis for piezoelectric/composite anisotropic laminate has been
established. In Part IT (Cheng et al., 2005), we will apply the above theoretical analysis model to study some
detailed examples and further carry out the numerical results by a new developed numerical method.

Lok [D D Two Bwy  Bwy By
4 OxOt 0yor OxOt 0y  Ox Oyo¢

3. Conclusion

Based on Hamilton’s variation principle for electro-elasticity, the generalized governing equations and
relative boundary conditions for the anisotropic piezoelectric/composite laminate plate were carried out
on the assumption of Reddy’s simple high-order theory. Here, the effects of the poling direction of piezo-
electric layers and large amplitude deflection were taken into consideration. Furthermore, considering the
action of piezoelectric layer as a sensor, the sensing equation was also deduced in this paper with the effect
of large-amplitude deflection.
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Appendix A

As shown in Fig. 2(b), the principal axe x; of a crystal with an eigenfield may be not parallel to the fixed
coordinate system. Then, we introduce a local coordinate system (xf, x5, x%) to describe the crystal distribu-
tion. If it is assumed that the x4 lies in (x1, x;) plane, the transformation matrix T from the fixed coordinate
system to the local one has the following form as

cos o sin o 0
T;= | —sinaxcosff cosacosf sinf
sinasinff  —sinficosa cosf
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Then the local variables can be presented by the global variables as
8,Ij = Tim Tjngmn

E! =T,E,
Further, we can obtain the coordination transfer matrices 7. and T, as follows:
[ n? m? 0 0 0 2mn
mp* n*p? ¢ 2npq —2mpq —2nmp?
[T]= m2q22 q2n22 r —22npq 2 %mpq 2 ~2mng’
pgm=  —pgqn~ qp np” —nq- mq- —mp 2nmpq
nmq —nmq O mp np gm? — qn®
L—nmp  nmp 0 mq nq pn® — pm?
and
[ n m 0
[Te]=|-mp np q
| mq —hq p

where n = cosa,m = sina, p = cos f§,¢q = sin f.

Appendix B

The components of the matrix [L;] are shown as follows:

o o o
Ly, :AHG 5 +2A166 o A%@_yz

62 2 aZ
Ly, :Aléa + (42 +A66)a o + Az 67)/2

4 o’ 4 o’ 4 o’
L1,3:(Bn—3—F )6 2+2<B16 EYE — I )66 <B66_WF66>6_)}2

Lis= (B 4F 62 B, +B 4F 4F 62+B 4F
14 = 16 — 32 16 62 12 66 3 12 3 66 axdy 26 3 26

4 o* o o* o*
Lis= 3 [Fll 0 + 3F16a e + (F12 +2F66)6x_6y2+F266_y3]
o o o
L22:A6662+2A266 N +Azza—yz
Lrs =1L
4 o 4 0 4 0
Lry = 366—3—F 62+2 WF% W—F Bzz—WFzz 6_y2
4 o* o’ o° o*
bas= =3, [F‘éa s Pt ) s T3 ng gt i 6y3]
8 16 o 8 16 o
Ly;z= (D H +— F +2(D H +—J —
33 ( n—gpntoa )6 5 < 16— 3 T 50 6) oy

+<D 8H —|—16J>62 (A 8D —|—16H>
66 3h2 66 9h4 66 ayz 55 h2 55 h4 55

62

62
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8 16 o’ 8 16 o’
L3,4<D16_FH16+_4T> |:D12+D66 3h2(H12+H66)+w(J12+J66) A

h 9h Ox 2+ Oxdy
8 16 o’ 8 16
+ <D26 e —H + 9h4J > e (A45 h2D45 +FH45)
Lys = A 8 Dss + 16H 0 A 8 Dys + 16[1 0
35 = s =3 Dss FogHss | = 45— pDus taHes | o0

4 4 o 4 o’
3hz{<H11 3thll) @*F 3<H16 3hz-116) oy

4 o* 4 o?
+ H12+2H66_W(‘]12+2J66) 6x—6y2+ H26_3h2 o
8 16 G 8 16, 0*
Lis= | D H +—J —+2(D H +—
44 ( o6 — 3,20 T 53 66) e ( 2% — 5,2 H 9h4 )6x6y

9’ h
8 16 0 8 16 0
Lys = — <A45 - ﬁD“S +—7 H45> == <A44 — =Dy + —4H44) =

8 16 n 8 16
+ Dzz—ﬁsz—F—Jzz 7— A44—ﬁD44+—4H44

h ox h h oy

4 4 o 4 o}
i (g [ 20t U 2

4 o* 4 o*
+3 st—ﬁ-fze 6x—6y2+ sz—WJzz A

8 16 o 8 16 o 8 16 o
Lss = —<A55 e D55+h Hss) a2 2(A45 P D45+h H45> Byox <A44 P D44+h H44)6 5

16 o* o* o* o ot
+@{T“a 7 4T gy T 2T+ 2e) gga T 4T g + 1 ay“}
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